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ABSTRACT 
Let F;, be the ring of n x n matrices over the finite field F; let o( F,) be the 
number of elements in F, , and s( F,,) be the number of singular matrices in F,. We 
prove that o(F,)< s(Fn)l+l/n(n-l) if 
s(F,)l+l@< o(F )< s(F )l+l/n(“-l), 
n > 2, and if n = 2 and o(F) > 3, then 
n n 
1. INTRODUCTION 
In [l], it was proven that if R is a ring with m number of zero divisors, 
where m > 1, then the total number of elements in R is less than or equal to 
m’. The purpose of this note is to show that if R is an n X n matrix ring over 
a finite field F, and m is the number of zero divisors (or equivalently the 
number of singular matrices) in R, then the total number of elements in R, 
say o(R), is less than &+l/“(“- ‘). If th e number of elements in F is greater 
than or equal to 3 and n = 2, then m’ ’ ‘M” ‘) > o(R) > ml+ l/“‘. 
2. RESULTS 
Let F, denote the ring of n X n matrices over a finite field F, let o( F,) be 
the number of elements in F,, and let s(F,) be the number of singular 
matrices in F,,. We shall establish in this section that o(F,) < s(F,,)‘+ l/n(n-l) 
holds for n > 1, and 
lno(F ) 
5% Ins(F,)=l* 
LlNEAR ALGEBRA AND ITS APPLICATIONS 66:195-197 (1985) 195 
( Elsevier Science Publishing Co., Inc., 1985 
.52 Vanderbilt Ave., New York, NY 10017 0024.3795/85/$3.30 
196 KWANGIL KOH 
For each positive integer 9, n, define 
LEMMA. Ifs22 andn&Z thens(q,n)>O. 
Proof. Let 279, n) = 9”(“+‘)/’ - [9”(“+‘)/2-1 + (9n - 1)(9”-’ - 1) 
. ..(q-l)]. Then s(q,n)=q n(n-1)/2T(9, n). So it suffices to show that 
T(9, n) > 0 if 9 > 2 and n > 2. If n = 2, T(9,Z) = 93 - [s2 +(9’ - l)(q - l)] 
= 9 - 1 > 0. So assume that T(9, n) > 0. Now (9n - l)T(q, n) = (9”(“+1)‘2 
-9 n(n+W-i)+(q (n-i)n/2-1 - qWWa)- (9” - 1)(9-i - 1). . . (9 - 1). 
Since (9” - l)T(q, n) > 0 and (9(“- 1)n/2- ’ - 9(“- 1)n/2) < 0, we conclude 
T(9, n + 1) > 0. W 
THEOREM. o(F,,) < s(F,,)‘+‘/“(~-‘) holds for n > 1, and 
Ino(F ) 
Ji% Ins(F,)=l 
Proof. Clearly o(F,) = 9”’ if F consists of 9 elements, and s(F,) = 
9 n2- (9” - 1)(9” - 9) *. - (9” - 9n-1) by [Z, p. 1551. By the Lemma, 
s( F,) > 9”‘-i. Hence 
4F,) 
l/n(n - 1) > &l)/n(n-l)= p+wn > q 
Now 9es(F,,)> 9.9”-l= 9”‘= o(F,). Thus s(F,)““‘“-‘b(F,,)> 9.s(F,) 
> o(F,,). Hence 
ln4Fn) <l+ 1 
lns(F,) n(n-1) 
and l< # if n>l, 
n ” 
and 
Ino(F ) 
A% ig$=l. 
n 
EXAMPLE. In this example, we shall prove that if n = 2 and 9 >, 3 
s(F,)~+“~’ < o(F,,) < s(F,$+~‘“(“? 
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If n = 2, 
s( F,)“” = (93+92-9)5’4 and 0(Fs)=9~. 
So it suffices to show 95(92 + 9 - 1)5 = (93 + 9’ - 9)5 < 916, and this re- 
duces to an inequality [ 92 + (9 - 1)15 < 9”. If 9 = 3, clearly, 32 +25 < 311. 
For 9 >, 4, (1+ 1/9)5 < 9, since (1+ 1/9)5 < (1+ i)” < 4 < 9. Therefore, 
[92+(9-1)]5<(92+9)5<911. Let iV(9)=9”-[92+(9-1)]5. Then 
N(2) = - 1077, N(3) = 16,096, N(4) = 1,718,205, N(5) = 28,316,976, N(6) = 
246,940,855, N(7) = 1,474,042,368, N(8) = 6,785,705,241, N(9) = 2.57970016 
x lOlo, N(10) = 8.461376045 x lOlo, N(11) = 2.46732181 x 10”. 
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